Let A" be a nilpotent rational homotopy type such that (1) S(X), the image of the Hurewicz map has finite total rank, and (2) the basepoint map of M, a minimal algebra for X, is an element of the Zariski closure of Aut(A/) in End(M) (i.e. X has "positive weight"). Then (A) any retract of X satisfies the two properties above, (B) any two irreducible product decompositions of X are equivalent, and (C) any two irreducible coproduct decompositions of X are equivalent.
Introduction. This paper is primarily concerned with the uniqueness of irreducible factors in decompositions of rational homotopy types as products and as coproducts (one-point unions) . Uniqueness is demonstrated with respect to both products and coproducts, for simply-connected, positive weight, rational homotopy types for which the spherical cohomology is finite dimensional.
There are no known examples of rational homotopy types which fail to satisfy either unique factorization property. Indeed, we conjecture that no such examples exist. This contrasts sharply with the situation in certain more structured geometric contexts; specifically, the noncancellation examples due to Hilton and Roitberg (see [10] ) illustrate the failure of unique factorization with respect to products among differentiable manifolds, topological spaces and integral homotopy types. A similar situation exists for coproducts. Hilton and others have constructed examples of integral homotopy types which exhibit noncancellation with respect to the formation of pointed coproducts.
For product decompositions of simply-connected rational homotopy types having positive weights, previous results [3] confirmed unique factorization in the "finitary" case ("finitary" means that either the homotopy or the cohomology are required to be finite dimensional). The "finitary" restriction is removed in this paper, and replaced by the much weaker hypothesis that the Hurewicz homomorphisms are eventually trivial (i.e., have a finite image for all sufficiently high degrees). Moreover, the results reported here represent a significant generalization of the topological results obtained in [1] , where (product) unique factorization is proved for formal, simply-connected, rational homotopy types having rational cohomology finitely generated as an algebra.
Recall that a simply-connected, rational homotopy type may be viewed as a "minimal model" M; here, Ai is a differential graded algebra, whose underlying algebra is a simply-connected, free, graded-commutative ß-algebra, and whose differential is a degree 1, graded derivation with decomposable image. For details regarding minimal models [8] , [9] or [17] should be consulted.
End(A/), the set of differential graded algebra endomorphisms of M, is an algebraic variety (defined over Q) and it is equipped with a Zariski topology. Aut(A/), the set of in vertible endomorphisms, is an open subset of End(A/). The minimal model M is said to have positive weight, if the trivial (basepoint) endomorphism is in the Zariski closure of Aut(M) in End(A/).
Many familiar spaces satisfy the positive weight condition. For example, all //-spaces and co-//-spaces, many homogeneous spaces, all formal spaces, and all nonsingular complex varieties [13] have positive weight.
The unique factorization problem may be posed more generally by considering nilpotent rational homotopy types. In this case, for products, the same methods yield an affirmative solution. However, any nilpotent rational homotopy type which is not simply-connected must be irreducible with respect to coproduct. Thus, the unique factorization of nilpotent rational homotopy types with respect to coproducts trivially reduces to the simply connected case.
1. Products, coproducts and splitting idempotents. In this preliminary section an easily verifiable categorical criterion is discussed. Definition (1.1)-(1.4) below is motivated by the question: Under what conditions are product and coproduct splittings determined by idempotents?
Let A be a category with C and P objects of A.
Recall that a product structure on P is a collection of morphisms {ira: P -* Pa\a G J} such that
HomA(*, P) -, u HomA(X, Pa)
is a bijection for all objects X of A. Dually, a coproduct structure on C is a collection of morphisms {ia: Ca -* C\a G / } such that
is a bijection for all objects X of A. Definition. A category A is called I-split, if it satisfies (1.1) A has a zero object.
(1.2) A has finite products and finite coproducts. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (1.4) For each object A of A there is a finite cardinal mL4 ) such that if A s n,e/ A¡ (or A at Uml A¡), then card(/) < n(A).
For the remainder of this section A will always denote an /-split category. Note. The factorization of (1.3) above is unique up to canonical equivalence in A because B^>A =J A is an equalizer and A =$ A -, B
. p is a coequalizer. For any object A of A let EA = HomA(/l, A) and GA = AutAL4). Because of (1.3) above a product structure (resp., coproduct structure) on P, P -» u Pa (resp., II Pa -, P) is equivalent to a collection {ea} Q Ep such that (1.5) ea ° ea = ea for each a.
(1.6) e » e" = 0 if a ^ ß.
(1.7) P -» LI Fa (resp., II Fa -> F) is an isomorphism where ea = ia ° pa is the
factorization of (1.3).
Product structures (resp., coproduct structures) will be called Yl-splittings (resp., U-splittings). A Il-splitting (or H-splitting) will be called irreducible if each factor Pa is nontrivial and has no nontrivial Il-splitting (resp., H-splitting).
Two splittings are equivalent if they have isomorphic factors. Observe that GA X EA -> EA, (g,f)r-* gfg~x is a group action for each object A of A. If the Il-splitting P -, IT Pa (resp., H-splitting LIP^P) is given by {ea} as (/>«) ('«) , in (1.5)-(1.7), then the Il-splitting (resp., H-splitting) obtained from {geag } is equivalent to the one obtained from {ea} for any g G GA.
1.8. Lemma. Let {ea} <Z EA be a H-splitting (resp., H-splitting) of A and let f G EA satisfy f = f ° f and f ° ea = ea ° f for all a. Then {ga} Ç EB is a Tl-splitting (resp., U-splitting) of B, where where (H(rJ) o (U(sa)) = lua_, ri= la, and (11(0) o fliOJ) = 1BV
Thus the result follows in either case because a retract of an isomorphism is an isomorphism. Q.E.D. We say that two splittings (either LI or H) {ea} and {fß} of A are compatible if there exists g G GA such that ea ° g ° fß ° g~l = g ° fß ° g~l ° ea for each a and ß.
Corollary.
Let A be an object of A. // all irreducible W-splittings (resp., H-splittings) of A are compatible, then they are all equivalent. In fact, any two such splittings are conjugate. Corollary 1.10 follows directly from Proposition 1.9. Remark. Assume that A is skeletally small. Let A' be the set of isomorphism classes of objects of A. Then the conclusion of Corollary 1.10 is equivalent to the assertion that A' is a free commutative semigroup under II (resp., H). (Here, "skeletally small" means that the class of isomorphism classes of objects in the category form a set.) 2. Splittings of minimal algebras. In this section and the next we prove our main results. Most of the discussion is focussed on proving the following two assertions. Note that if A is connected then A has a unique augmentation eA : A -» Q. For the purposes of this paper we make the following definition. A minimal algebra is a d.g.a. M such that M is simply-connected, M" is finite-dimensional for all n, M is free as a graded commutative algebra, and dM(M) Ç M+ ■ M+ (the image of dM is decomposable).
A minimal algebra M has positive weights if there is a direct sum decomposition
G a+ßM and 0M = M°. Such a direct sum decomposition is called a positive weight splitting.
In general a given minimal algebra may possess many distinct positive weight splittings, or none at all.
2.2. Remark. A very satisfying topological interpretation of this condition is given in [4] . One striking feature is the following: Let Jbea finitary simply-connected C.W. complex and let Mx be its minimal algebra. Then Mx has positive weights if and only if there is a prime p and a map X^,: X ^> X such that X^:
Mx -» Mx is an isomorphism and \. ® 1 : irm(X) ® Z/pZ -, <irt(X) 8> Z//>Z is the zero morphism. Furthermore, this is independent of the prime/?. An explicit development of both these notions and their interrelationship can be found in Chapters 5 and 11 of [9] .
In order to prove that the category "? is /-split (so that we are able to apply Corollary 1.10) we shall have to exploit the good behaviour of homotopies under the passage to inverse limits (a property peculiar to the rational homotopy categories). Remark. The proof above relies on simplicial techniques. Alternatively, a topological argument, based on Lemma 2.7 of [16] , can be constructed using elementary obstruction theory. It is curious that no elementary algebraic proof is available.
Proposition.
The category ty is I-split.
Proof. Q, the d.g.a. concentrated in degree zero, is the zero object of 9. 9 has finite coproducts. This follows from the following elementary observations: End(A) is faithfully represented on a finite dimensional subspace of A. Preservation of the multiplicative structure is a quadratic relation (hence algebraic) and commutation with dA is a linear relation. AutL4) = det~\Q \ {0}) is open because det: End(A) -» Q is continuous. 3.1. Remark. Properly speaking Aut(A) and End(A) are not algebraic varieties, but are the g-rational points of the g-varieties Aut(^ ®e K) and End(A ®e K), respectively, where K is an algebraic closure of Q. This is the point of view adopted in [5] which is our basic reference for the theory of algebraic groups.
Our slight heresy shall not cause difficulties. (To translate from our terminology to that of [5] , one need only insert the words, "the Ç-rational points of', where appropriate.) (3.2) A positive weight splitting on a finitely generated minimal algebra M = ©a>0 aM induces a morphism of (9-algebraic groups (ß-group) \; Q* -^Aut(M) where \(t)(x) = t" ■ x for x G aM, and t G Q*. Further, X extends to a morphism of varieties X: Q -, End(A/) such that X(0) = 0MJL_ Thus, if M is an object of 9, then Om G Aut(Af) (Zariski closure) if A/ is finitely generated.
Conversely, if Om G Aut(Af) then M is in 9 (for M finitely generated).
The proof of this assertion will only be outlined. A general discussion of toroidal symmetry of minimal algebras is advanced in [14] .
Step 1. If Om G Aut(A/) then Om G T where T Q Aut(Af) is any maximal (2-split torus. This follows from the following more general result about certain representation of algebraic groups.
Let G Q Gl( V) Ç Home( V, V) be an algebraic subgroup such that Ov G G.
Then Ov G T where T ç G is any maximal (2"sP"t torus. A detailed proof is contained in [14] .
Step 2. If Oy G T (as above) then there is a one-parameter subgroup (1-p.s.g.) X:
Q*->T such that X extends to X: Q -h. F with X(0) = Ov.
This follows from the following result proved in [11] . If F-» T is a toroidal imbedding (F-> T is an open dominant imbedding and, T X T^>T extends to an action F X f''-* f), then for any orbit X in f \ T there is a 1-p.s.g. \:Q*^>T extending to X: Q -, F with X(0) G X.
Thus, the assertion above follows because Ov = T • Ov is the unique point in its orbit.
Step 3. If X: Q* -> F Ç Aut(Af) is a 1-p.s.g. that extends to X: Q -> End(Af) with X(0) = Om, then this induces a positive weight splitting on M.
This requires an elementary proof from linear algebra. For each t G Q*, \(t) is ß-diagonalizable with eigenvalues t" for various integers a. Thus M = © "A/, where aA/ is the eigenspace of X(/) with eigenvalue /". All weights are nonnegative because X extends to X. 0M = M° because X(0) = Om.
Thus, we have established the following characterization of finitely generated minimal algebras M with positive weights: M has positive weights if and only if Om G Aut(Af) (Zariski closure) within End(A/).
// M is a finitely generated object of 9 and A is a retract of M, then A is in 9.
Proof. From the remarks above, we need only prove that On G Aut(A) (because retracts of minimal algebras are minimal). Thus Aut(A/) and End(A/) are pro-algebraic varieties (inverse limits of algebraic varieties). In order to make use of this observation we shall need the following facts from algebraic group theory and general topology.
Let G be a g-group. If ^i&q = (F|F is a finite union of cosets of (2-closed subgroups of G) u {0} then %G is the set of closed sets for a F, compact topology on G, the %-topology. If <j>: G -, H is a morphism of Q-groups then <b is continuous for the % -topology. If Kernel <b is a unipotent subgroup of G then <}>((?) is a ^-closed subgroup of H [5, p. 363]. Consequently, for such <j>: G -> H, <j> is a closed map in the ^-topology. Proof. (3.6), 3.7 and (3.8) above.
Remark. If Ak Ç Gk are nonempty ^-closed sets and rk¡(Ak) Q A,, then {Ak, rkJ\A } is also a proper system.
Much of the structure theory of (2_grouPs remains valid for proper limits of (9-groups [14] . In particular, the following theorem is central to our discussion of splitting idempotents of minimal algebras. Hence, the proof is complete once we have justified the assumption that each my.
G, -, Gj is onto. Observe that G s proj lim 17,(G) and that ir¡(G) = n>>( ^¡(Gf).
Thus G is a proper limit of the proper system (i7,(G), 17^}. Q.E.D.
For the first application of Theorem 3.10 we complete the proof of the Proposition 2.5.
3.11. Proposition. M is an object of 9 if and only if Mn is an object of 9 for all n and dimn S(M) < 00.
Proof. If M is in 9, then any positive weight splitting on M restricts to a positive weight splitting on Mn.
Conversely, if Mn is in 9 for all n and dimß S(M) < 00 we shall construct a 1-p.s.g. X: Q* -^ Aut(M) such that X extends to X: Q -» Aut M with X(0) = Om.
By Theorem 3.10 and Proposition 3.9 there exist tori T¡ C Aut A/, for each /' > 0 such that proj lim T¡ = T is a maximal torus in Aut(Af). Since tori are faithfully represented on S(M) (which is finite dimensional) there exists A such that dim F" = dim TN and S(Mn) = S(MN) for all n > N. Since ker rkN is unipotent for A; > A it follows that r¡ y. F( -, Tj is an isomorphism for / >j > N.
By assumption that exist \: Q* -, T¡ (i > A) such that X, extends to X,: Q -,T¡ (Zariski closure) with \(0) = Om. for all n. Then by Proposition 3.11, A is in 9.
Hence we have completed the proof that 9 is an /-split category. In order to prove unique factorization in 9 we need to prove that any two irreducible II-splittings (resp., H-splittings) of a fixed object M of 9 are compatible. This too we deduce with the aid of Proposition 2. XßA/" -, XQMa.
fa Then ea ^ e'a because they both solve the same lifting problem and e'a = e'a ° e'a because e'a G f. Q.E.D.
Thus for any irreducible Il-splitting {ga} of M we can find representative {ea} ç End(Af) and a maximal g-sP»t torus F Ç Aut(A/) such that {ea} C f. Another irreducible Il-splitting {ha} yields a collection {/a} of representatives and a maximal g-split torus S Q Aut(M) such that {/0} Ç S. By Theorem 3.10 there exists x G Aut(A/) such that x ° T ° x"1 = S. Thus in the category 9 the two splittings are compatible. By Corollary 1.10 the two splittings are equivalent. Thus each object M of 9 satisfies unique factorization with respect to the formation of products. The dual statement (coproducts) is somewhat easier as no lifting lemmas are needed (the coproduct does not have to be constructed). The details will be left to the reader. Remark. The question of unique factorization for p-local (or /?-adic) positive weight spaces remains open. There is an added challenge to this problem arising from the fact that there exists no /»-local analogue to the algebraic nature of rational homotopy types.
